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The magnetic entropy variation for the ordered spin-ice Tb2Sn2O7 and the spin-liquid Tb2Ti2O7 measured up
to �20 K shows that the crystal-field ground state for both systems is a singlet split from the first excited level
by a thermal energy of �2 K. It is the superexchange interactions between the Tb3+ spins which induce the
terbium magnetic moments. Our results are analyzed in terms of a tetragonal perturbation for Tb2Ti2O7 and
this perturbation plus a molecular field for Tb2Sn2O7.
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Geometrically frustrated magnetic materials are now in-
tensively studied, both theoretically and experimentally. In
particular, the pyrochlore crystal structure R2M2O7 �R stands
for a rare-earth ion and M for a nonmagnetic p or d metal�
built of corner sharing tetrahedra usually inhibits the forma-
tion of a collinear long-range magnetic order, leading to a
variety of magnetic behaviors, such as spin ices, spin liquids,
and complex noncollinear magnetic orders.1,2

Among the pyrochlore compounds, the insulators
Tb2Ti2O7 and Tb2Sn2O7 are probably the less understood
systems. They crystallize at room temperature with the cubic

space group Fd3̄m. The local symmetry at a Tb3+ ion is D3d.
It is important to note that structural distortions below
�20 K have been reported from x-ray measurements for
Tb2Ti2O7.3 These distortions are a signature of a transition
from cubic to tetragonal structures. However, the phase tran-
sition was not observed. Anyhow, the x-ray data show that
the rare-earth local symmetry is reduced at low temperature.
Neutron diffraction for Tb2Sn2O7 shows that the crystal
structure is tetragonal in the magnetically ordered state.4,5

Tb2Sn2O7 is a so-called ordered spin-ice system below
Tc=0.88�1� K.4,5 For a given tetrahedron the four spins are
close to the �111� anisotropy axes in a two-in two-out mag-
netic configuration. In contrast to the classical spin-ice com-
pounds �Ho2Ti2O7 and Dy2Ti2O7�, the magnetic unit cell,
which is the crystallographic unit cell, repeats itself. The
ordered spin-ice structure is explained within the phenom-
enological model of Champion et al.6 which assumes a fer-
romagnetic first neighbor exchange interaction combined
with a finite anisotropy. In fact, a �SR experiment has shown
that the magnetic ground state is homogeneous �no phase
separation� and dynamical in nature.5,7 While this has been
hotly debated,8,9 it seems now to be accepted.10,11

On the other hand, the sibling compound Tb2Ti2O7 is
classified as a spin-liquid system because it does not display
any magnetic order, at least down to 0.05 K, despite the
onset of short-range antiferromagnetic correlations develop-
ing at �50 K.12,13 The absence of a long-range magnetic
order is a long-standing mystery.14–16

Based on inelastic neutron-scattering measurements, a
crystal-field level scheme for the Tb3+ ions in the two com-

pounds of interest here has been proposed assuming the D3d
point symmetry to be valid.17 The local threefold axis is the
crystallographic axis �111�. It is also the quantization axis
which we denote as z. A scheme was previously given for
Tb2Ti2O7.13 For both compounds, the ground state is pre-
dicted to be a crystal-field non-Kramers doublet and the first
excited doublet lies at a thermal energy of �20 K. Using the
Steven’s operator formalism for the crystal-field Hamil-
tonian, it has been shown that properly scaled crystal-field
parameters deduced in Ref. 17 allow the description of all
the published crystal-field data for the stannate and titanate
series.18 In this Rapid Communication matrix elements will
be computed using these latter results.

An extremely low-energy excitation has been detected by
inelastic neutron scattering for the two systems.17 The de-
tected excitation may indicate a splitting of the ground-state
doublet. However, it was only observed at relatively large
wave vectors. It was also argued that the excitation may not
be related to the crystal distortion: nearest-neighbor short-
range magnetic correlations among spins could split the
ground-state doublet, in particular, for Tb2Sn2O7.17,19 In ad-
dition, inelastic neutron data recorded under high field for
Tb2Ti2O7 were analyzed assuming a splitting of the ground-
state doublet in zero field due to a tetragonal distortion.20

However, it is known that the ground state of the compound
is field dependent.21,22

As shown by the work on the spin-ice Dy2Ti2O7,23 a care-
ful measurement of the magnetic entropy of a system in zero
field is the experimental technique of choice for establishing
beyond any doubt its number of magnetic degrees of free-
dom at low temperature. Here we report measurements of the
magnetic entropy variation for Tb2Sn2O7 and Tb2Ti2O7
which show nicely that the Tb3+ ion crystal-field ground state
is a singlet in both cases. The previously introduced tetrago-
nal distortion provides a simple interpretation of the entropy
data for the titanate. On the other hand, for the stannate a
molecular field has also to be taken onto account.

In fact, the low-temperature magnetic entropy variation
per mole of Tb for Tb2Ti2O7 has already been measured and
found to be larger than R ln�2�, where R is the ideal-gas
constant.13,24,25 This has been taken as a support of the
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doublet-doublet picture. At close look, this seems surprising.
Let us assume two doublets separated by an energy kB�. If
the temperature is such that T��, the entropy is R ln�4� per
mole. In the other extreme case, that is when T��, it is
equal to R ln�2�. Since a thermodynamic measurement gives
only access to the entropy variation, we compute R ln�2� for
the variation between the low- and high-temperature limits.
Hence, the inference of a crystal-field ground-state doublet
drawn from the thermodynamic data of Refs. 13, 24, and 25
is incorrect. Note that it is more convenient to analyze the
temperature dependence of the entropy than the one of the
specific heat itself because the latter method would request to
describe in detail the signal associated to a phase transition,
for instance.

A powder sample of Tb2Sn2O7 was synthesized using a
conventional powder technique, as explained in Ref. 5. No
single crystal is available. For Tb2Ti2O7 polycrystalline rods
were prepared. In order to test the robustness of the results,
three single crystals were then grown by the traveling solvent
floating zone technique. The same technique was used pre-
viously for Gd2Ti2O7.26 Zero-field specific heat were re-
corded above 0.4 K using a Quantum Design physical prop-
erty measurement system. At lower temperatures, the
measurements were performed in a 3He-4He dilution refrig-
erator using a dynamic adiabatic technique. In the experi-
mental plots to be shown below, the entropy variation will be
normalized to get consistency with the crystal-field level
scheme.

We present the thermal dependence of the total specific
heat Ctot�T� of Tb2Sn2O7 in Fig. 1, as well as the sum of the
nuclear Cnuc�T� and lattice Clat�T� contributions. The latter is
deduced from the measured specific heat of the diamagnetic
compound Lu2Sn2O7, i.e., CLu�T�, using the scaling law
Clat�T�=CLu�T /r�, where r is the ratio of the Debye tempera-
tures for Tb2Sn2O7 and Lu2Sn2O7.27

In Fig. 2 we display the magnetic specific heat of
Tb2Sn2O7 versus temperature: Cmag�T�=Ctot�T�− �Clat�T�
+Cnuc�T��. We also present the associated magnetic entropy
variation.

We consider a crystal-field level scheme consisting of a

nondegenerate ground state, followed by an excited single
level at energy kB� above the ground state and a doublet at a
thermal energy of �=17 K. This latter value corresponds to
the Tb2Sn2O7 case.17,18 The predictions of this model are
shown in Fig. 3 for selected values of �. As expected, as soon
as the ground-state doublet is split the total entropy variation
exceeds R ln�2�. The dotted line in Fig. 2 models Smag with a
splitting �=2.5�2� K. Note, in addition, that our data are
consistent with the absence of residual entropy at low tem-
perature. Inelastic neutron scattering detects at 1.6 K a split-
ting of 1.5–1.9 K,17 somewhat smaller than the one found
here. However at 0.04 K, i.e., below Tc, the splitting mea-
sured by neutron is about 3 K.11 Our result lies between these
two values and we shall further discuss it below.

Using the same methodology, we have estimated �Smag
for Tb2Ti2O7; see Fig. 4. A detailed report is in preparation.
Slight differences are visible in �Smag�T� for the three crys-
tals we have investigated. Nonetheless, while additional
measurements are required below 0.4 K to determine
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FIG. 1. �Color online� Total specific heat Ctot versus temperature
measured for a powder sample of Tb2Sn2O7. The contribution Clat

from the phonons, i.e., the lattice, is deduced from measurements
on the isostructural diamagnetic compound Lu2Sn2O7 using a scal-
ing law as explained in the main text. The nuclear contribution Cnuc

is directly taken from the estimation of Mirebeau et al. �Ref. 4�.
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FIG. 2. �Color online� Magnetic specific heat �left scale� and
magnetic entropy variation �right scale� versus temperature mea-
sured in zero field for Tb2Sn2O7. The dotted line is the result from
a fit with the crystal-field level scheme indicated in the figure.
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FIG. 3. �Color online� Temperature dependence of the absolute
entropy Smag associated with four crystal-field levels: a nondegen-
erate ground state, an excited single level located at �, and a doublet
at 17 K. The curves are drawn for five values of � �0.0, 0.1, 0.3, 1.0,
and 1.8 K�. The crystal-field energies are given in temperature
scale. Smag is plotted for temperatures ranging from 0.13 to 20 K.
This covers the whole temperature range probed by our
measurements.
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whether there is a residual entropy �in particular, for sample
C�, it is obvious that the measured entropy variation is far
larger than R ln�2�, indicating that the ground state is also
nondegenerate. The dotted line in Fig. 4 arises from the fit of
the �Smag data with �=1.8�2� K, consistent with the results
of neutron measurements at 1.9 K.17

We have checked for both systems that the crystal-field
energy levels located at a thermal energy larger than 20 K
�first level is a singlet slightly above 123 K� do not contrib-
ute significantly to �Smag up to 20 K. A possible small split-
ting of the first excited doublet does not have as well a no-
ticeable effect on the value of � extracted from the fit to the
�Smag data.

Our deduction that the crystal-field ground state is a sin-
glet for the two compounds is independent of the model used
to analyze the entropy data. This is the key result of this
Rapid Communication. The values of the splitting could be
slightly influenced by the dispersion of the first excited state.
This has been neglected.

Let us focus now on the interpretation of the splitting �
deduced from the entropy variation data. For this purpose,
we shall use perturbation theory for two degenerate levels,
see, for example, Ref. 28, which relates the perturbation
Hamiltonian Hper to the splitting induced by the perturbation,

kB� = ���+ �Hper�+ � − �− �Hper�− ��2 + 4��− �Hper�+ ��2�1/2.

�1�

The doublet wave functions which characterize the unper-
turbed Hamiltonian are denoted as �� �. As shown elsewhere
for the trigonal symmetry �D3d symmetry�,17 the ground-state
wave functions for the stannate are written as �� �
=0.922��5��0.243��2�+0.016��1��0.301��4�. For the
titanate we have �� �=−0.958��4��0.129��1�
−0.121��2��0.226��5�.

We first consider Tb2Ti2O7 since it is the simplest case.
To account for the reduction in the local symmetry at the rare
earth, we write Hper=Ht, where Ht=−DtJZ

2 with Dt	0. This
parameter measures the scale of the crystal-field distortion
from cubic symmetry and JZ is the projection of the Tb3+ ion
total angular momentum along the Z axis which is taken to

be parallel to the �001� crystal axis. Projecting out Ht in the
reference frame in which the trigonal symmetry crystal-field
Hamiltonian was written, i.e., in the 	x ,y ,z
 frame for which

the y and z axes are parallel to the �11̄0� and �111� cubic
axes, respectively, and consequently Z is contained in the
xOz plane,

Ht = − Dt�2

3
Jx

2 +
1

3
Jz

2 +
�2

3
�JxJz + JzJx� . �2�

Since �+�Ht�+�= �−�Ht�−�, from Eq. �1� we compute kB�
=2��−�Ht�+��=6.59Dt. Using the measured � value, we esti-
mate Dt /kB=0.27�3� K. Interestingly, using inelastic neu-
tron scattering under high field, Dt /kB=0.19 K has been
inferred.20 However, as already noted, the ground state is
field dependent. Our result is derived from zero-field mea-
surements. The crystal-field ground-state wave function is
simply �
g�= ��+�− �−�� /�2, and therefore the state is not
magnetic. It is the superexchange interactions between the
Tb3+ ions which induce a finite magnetic moment.

Let us now focus our attention to Tb2Sn2O7. In addition to
the tetragonal distortion, we need to account for magnetic
order below Tc. This will be done in the molecular-field ap-
proximation. This means that we write Hper=Ht+Hm. For
simplicity, we shall assume the molecular field to be parallel
to the local Tb3+ magnetic moment, i.e., at an angle �m out of
the �111� direction. We write Hm=gJ�BBm�cos �mJz
−sin �mJx�, where �m�13.7°, a mean value of the values
given in Refs. 4 and 5, and Bm is the molecular field. We
compute

�+ �Hper�+ � − �− �Hper�− � = �+ �Hm�+ � − �− �Hm�− �

=7.78gJ�BBm �3�

and

��− �Hper�+ �� = ��− �Ht�+ �� = 4.69Dt . �4�

We can now rewrite Eq. �1�, inserting the numerical values
just obtained and noting that �2=6.25�1.00� K2,

�2 = �7.78�2�gJ�BBm

kB
�2

+ 4�4.69�2�Dt

kB
�2

. �5�

It is interesting to evaluate the first term on the right-hand
side of this equation. We use the simple result gJ�BBm
=3kBTc / �J+1� �Ref. 29� and since J=6 and Tc=0.88�1� K,
we compute gJ�BBm /kB=0.38 K. The first term on the
right-hand side of Eq. �5� is then equal to 8.7 K2. Therefore
Eq. �5� cannot be fulfilled unless Bm is somewhat reduced
compared to our estimate. It is further reduced because the
trigonal doublet is known to be split at 1.6 K,17 i.e., Dt	0.

To proceed further, we write the ground-state wave func-
tion as �
g�=−sin�� /2��+�+cos�� /2��−� with28

tan � =
2��− �Hper�+ ��

�+ �Hper�+ � − �− �Hper�− �
= 1.21

Dt

gJ�BBm
. �6�

The ground-state moment is equal to gJ�B�+�Jz�+�cos �
=6.0�B cos �. Using its measured value of
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FIG. 4. �Color online� Magnetic entropy variation versus tem-
perature measured in zero field for three differently prepared crys-
tals of Tb2Ti2O7 �Ref. 18�. The dotted line is the result of a fit with
the crystal-field level scheme indicated in the figure.
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5.65�25� �B,4,5 we deduce �=20�7�°. Hence, with the help
of Eq. �6�, we compute

Dt

gJ�BBm
= 0.3�1� . �7�

In addition, we find �
g���−5� for any of these values of �.
Combining Eqs. �5� and �7�, we compute Dt /kB

=0.09�5� K and gJ�BBm /kB=0.30�4� K. Bm is indeed re-
duced compared to the earlier estimate. However, further dis-
cussion requires first a better theoretical estimate of the ex-
change field.

In summary, the analysis of the variation in the magnetic
entropy shows that the crystal-field ground state is a singlet
for Tb2Sn2O7 and Tb2Ti2O7. Our discussion of the crystal-
field splitting supports the view that Tb2Ti2O7 has a tetrago-
nal crystal structure at low temperature. Further interpreta-
tion of Tb2Sn2O7 requires more theoretical and experimental
inputs.

We thank V. Glazkov and S. S. Sosin for their help during
the specific-heat measurements and their comments on the
manuscript and P. Bonville for drawing our attention to the
proper axes which must be used for the expression of the
crystal electric field Hamiltonian.
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